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THE CALKIN ALGEBRA IS ℵ1-UNIVERSAL
ILIJAS FARAH, ILAN HIRSHBERG, AND ALESSANDRO VIGNATI
Abstract. We discuss the existence of (injectively) universal C∗-algebras
and prove that all C∗-algebras of density character ℵ1 embed into the
Calkin algebra, Q(H). Together with other results, this shows that each
of the following assertions is relatively consistent with ZFC: (i) Q(H) is
a 2ℵ0 -universal C∗-algebra. (ii) There exists a 2ℵ0 -universal C∗-algebra,
but Q(H) is not 2ℵ0 -universal. (iii) A 2ℵ0 -universal C∗-algebra does
not exist. We also prove that it is relatively consistent with ZFC that
(iv) there is no ℵ1-universal nuclear C
∗-algebra, and that (v) there is no
ℵ1-universal simple nuclear C
∗-algebra.
1. Introduction
Let H denote the separable infinite-dimensional complex Hilbert space.
The Calkin algebra Q(H) is the quotient B(H)/K (H) of the algebra B(H)
of all bounded linear operators on H over the ideal of all compact operators.
Given a category C of metric structures and a cardinal κ, an object A ∈ C
is (injectively)1 κ-universal if it has density character κ2 and every object
B ∈ C of density character at most κ is isometric to a substructure of A.
The question whether the Calkin algebra can be ℵ1-universal for the cat-
egory of C∗-algebras answered in Theorem A was raised by Piotr Koszmider
(personal correspondence) and in [43, Question E].
Theorem A. All C∗-algebras of density character at most ℵ1 embed into
the Calkin algebra. Therefore the Continuum Hypothesis implies that the
Calkin algebra is an ℵ1-universal C∗-algebra.
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One of the ingredients of our proof is the analysis of the Extw-group of
simple, separable, and unital C∗-algebras that tensorially absorb the Cuntz
algebra O2.
By a fundamental result of Kirchberg ([27]), O2 is the universal separable
nuclear C∗-algebra, and even the universal separable exact C∗-algebra. The
following theorem (and more; see Theorem 4.3) will be proved in §4.
Theorem B. It is relatively consistent with ZFC that there is no ℵ1-
universal nuclear C∗-algebra, and that there is no ℵ1-universal nuclear, sim-
ple, C∗-algebra.
Our proof of Theorem B requires basic command of the method of forcing,
as exposed e.g., in [30, IV].
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2. The proof of Theorem A
This section is entirely devoted to the proof of Theorem A. Familiarity
with model theory, in particular axiomatizability and the different layers
of saturation, is required (see [15], or [14] for an overview of the concept
of saturation). For information on C∗-algebras see [3] and for analytic K-
homology see [24].
The main technical difficulty in the proof of Theorem A is posed by the
absence of reasonable saturation properties in the Calkin algebra. The sim-
plest instance of this is the fact that the image of the unilateral shift in Q(H)
is a unitary with full spectrum and no square root. As pointed out in the
introduction to [36], this implies that Q(H) is not injective (in a categorical
sense) for separable C∗-algebras and complicates construction of outer au-
tomorphisms of Q(H). More sophisticated obstructions to saturation, and
even homogeneity, in Q(H) were exhibited in [14, §4] and [17], respectively.
All of these obstructions are of K-theoretic nature.
A unital C∗-algebra A is purely infinite and simple if it is infinite di-
mensional and for every nonzero positive a ∈ A there is x ∈ A such that
xax∗ = 1. The Cuntz algebra O2 is the universal C∗-algebra generated by
two isometries s and t satisfying
s∗s = t∗t = 1 = ss∗ + tt∗.
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Let
O = {A : A is unital, purely infinite, simple, and A⊗O2 ∼= A}.
(Since O2 is nuclear, there is no ambiguity in what tensor product is used.
In this case there is a unique C∗-norm on the algebraic tensor product.)
Lemma 2.1. Every C∗-algebra A embeds into a C∗-algebra B ∈ O of the
same density character as A. If A is unital then the embedding can be chosen
to be unital.
We provide two proofs of Lemma 2.1, one of model-theoretic and one of
operator-algebraic flavour.
The first proof of Lemma 2.1. The class O is separably axiomatizable by
([15, Theorem 2.5.1 and Theorem 2.5.2]). We first consider the case when
A is separable. Then A is isomorphic to a subalgebra of Q(H), and the
embedding can be chosen to be unital if A is unital. By the downward
Lo¨wenheim–Skolem theorem ([15, Theorem 2.6.2]) we can find a separable
elementary submodel C of Q(H) into which A embeds. Then C is simple
and purely infinite, and C ⊗O2 is as required.
Now suppose A is not separable and let κ be its density character. Again
by the downward Lo¨wenheim–Skolem theorem we can find a separable ele-
mentary submodel A0 of A. By the first paragraph, we can find a separable
B0 ∈ O into which A0 embeds. By the standard elementary chain argument
([1, Proposition 7.10]) we construct a κ-saturated elementary extension B1
of B0. Writing A as a union of an elementary chain of submodels of density
character < κ and using the saturation of B1, we can embed A into B1.
Again by the downward Lo¨wenheim–Skolem theorem we can find B2 of den-
sity character κ such that A ⊆ B2 ⊆ B1 and B2 is elementary equivalent to
B1, and therefore to B0. Being elementarily equivalent to B0, B2 is purely
infinite and simple, B2 might not be O2-stable, essentially by [22], however
B = B2 ⊗O2 satisfies all requirements. 
The following proof relies on a result proved in §5.
The second proof of Lemma 2.1. The Cuntz-Pimsner algebraOE (see Lemma 5.2),
constructed in [5, §4], is simple, and has the same density character as A.
Moreover A embeds unitally into it. OE ⊗ O2 then provides the necessary
object. 
We shall need the semigroups Extw(A) and Extwcpc(A) associated to a
separable and unital C∗-algebra A. An injective unital ∗-homomorphism
π : A → Q(H) is the Busby invariant of an extension of A by K (H). By
a slight abuse of terminology, we say that such a ∗-homomorphism is an
extension (see [24, Proposition 2.6.3]). Two extensions θj : A → Q(H), for
j = 1, 2 are weakly equivalent if there is a unitary u ∈ Q(H) such that
θ1 = Adu ◦ θ2.
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Since M2(Q(H)) ∼= Q(H), the set of extensions of A is equipped with
the direct sum operation. The set of weak equivalence classes of extensions
of A forms a semigroup, denoted Extw(A). An extension θ : A → Q(H) is
semisplit if there exists a completely positive contraction (c.p.c.) ϕ : A →
B(H) such that (denoting the quotient map from B(H) onto Q(H) by π)
π ◦ ϕ = θ. If ϕ is a unital ∗-homomorphism then we say that θ is split. A
split extension exists when A is separable, and Voiculescu’s theorem ([24,
Theorem 3.4.7]) implies that it acts as the unit in Extw(A). Let
Extwcpc(A) := {θ ∈ Extw(A) : θ is semisplit}.
Stinespring’s theorem ([3, Theorem II.6.9.7]) easily implies that Extwcpc(A) =
Extw(A)−1, the group of all invertible elements of Extw(A).
The following is a standard application of quasicentral approximate units.
Lemma 2.2. Suppose that a separable C∗-algebra A is an inductive limit of
subalgebras An, for n ∈ N. If θ : A → Q(H) is an extension such that its
restriction to An is semisplit for every n, then θ is semisplit.
Proof. Let δn > 0 be small enough so that for all operators e and a satisfying
0 ≤ e ≤ 1, ‖a‖ ≤ 1, and ‖[e, a]‖ < δn we have ‖[e1/2, a]‖ < 2−n. Let
ψn be a c.p.c. lift for θ ↾ An. By the Arveson Extension Theorem ([3,
Theorem II.6.9.12]) we can extend ψn to a c.p.c. map ψ˜n : A→ B(H). Let
E = π−1(θ(A)) and let an, for n ∈ N, be an enumeration of a dense subset
of the unit ball of A whose intersection with the unit ball of An is dense
for all n. By [24, Proposition 3.2.8] we can find a sequence fn, for n ∈ N,
which is an approximate identity for K (H) that is quasicentral for E. By
refining this sequence, we may assume that the following conditions hold for
all i, j, k, and n with i, j, k ≤ n.
1. ‖[fn, ψ˜i(aj)]‖ < δn.
2. ‖(1− fn)(ψi(aj)− ψk(aj))‖ < 2−n, if aj ∈ Ai ∩Ak.
The second condition can be assured because the assumptions imply ψi(aj)−
ψk(aj) is compact, and the first condition can be assured by the quasicen-
trality of the sequence.
Given these conditions we have ‖[(fn+1 − fn)1/2, ψ˜n(aj)]‖ < 2−n for all
j ≤ n. Therefore
ψ(a) =
∑
n
(fn+1 − fn)1/2ψ˜n(a)(fn+1 − fn)1/2
is well-defined since the finite partial sums converge in the strong operator
topology. Since every partial sum is c.p.c., so is ψ. For all aj ∈ Ai and all n
we also have that ψ(aj)− ψn(aj) is compact and therefore ψ is a c.p.c. lift
of θ as required. 
Proposition 2.3. Suppose A ∈ O is separable. Then Extwcpc(A) = 0
Proof. Recall that an endomorphism ϕ of a C∗-algebra A is asymptotically
inner if there exists a continuous path of unitaries ut, for 0 ≤ t < ∞, such
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that u0 = 1 and ϕ(a) = limt→∞(Adut)a for all a ∈ A. It follows from [35,
Lemma 2.2.1] that any unital endomorphism of O2 is asymptotically inner.
Suppose A ∼= A ⊗ O2 and let s and t be two standard generators of O2.
It follows that the endomorphism ζ(a) = (1⊗ s)a(1⊗ s∗) + (1⊗ t)a(1⊗ t∗)
of A is asymptotically inner.
Since Extwcpc(A) is a group, it suffices to prove that each of its elements
is idempotent. The semigroup of endomorphisms of A acts on Extwcpc(A)
by composition: if ζ : A → A and θ : A → Q(A) is an extension, then
ζ.θ = θ ◦ ζ is an extension of A. However, as elements of Extwcpc(A), we have
[θ ◦ζ] = [θ]+ [θ]. By [2, Corollary 18.5.4], Extwcpc(A) is homotopy invariant.3
Thus Extwcpc(A) is trivial, as required. 
We are now ready to prove Theorem A. By Lemma 2.1 it suffices to prove
that every A ∈ O of density character ℵ1 embeds into Q(H). By the down-
ward Lo¨wenheim–Skolem theorem there exists an increasing chain Aα, for
α < ℵ1, of separable elementary submodels satisfying A =
⋃
α<ℵ1
Aα and for
every limit ordinal δ < ℵ1 we have Aδ =
⋃
α<δ Aα. Each Aα is unital, purely
infinite and simple, and it absorbs O2, since these properties are elementary
for separable C∗-algebras ([15, Theorem 2.5.1 and Theorem 2.5.2]).
We want to find extensions ϕα ∈ Extwcpc(Aα) such for all α < β < ℵ1 we
have
ϕα ∈ Extwcpc(Aα) and ϕβ↾Aα = ϕα.
Choose ϕ0 ∈ Extwcpc(A0). Suppose ϕα has been defined for all α < β.
If β is a successor ordinal, let α be such that α + 1 = β. Fix ψ ∈
Extwcpc(Aβ). Then Proposition 2.3 implies that both ψ
′ := ψ↾Aα and ϕα are
split. By Voiculescu’s theorem ([24, Theorem 3.4.7]) there exists a unitary
u ∈ Q(H) such that ϕα = Adu ◦ ψ′ and ϕβ = Adu ◦ ψ is as required.
Now suppose β is a limit ordinal. Then ϕβ is already defined on a dense
subalgebra
⋃
α<β Aα of Aβ, and Lemma 2.2 implies that its continuous ex-
tension to A is semisplit.
This describes the recursive construction. Since A =
⋃
α<ℵ1
Aα, for all
a ∈ A the ordinal α(a) = min{α : a ∈ Aα} is well-defined. Then Φ(a) =
ϕα(a)(a) extends each ϕα, provides the desired embedding of A into Q(H),
and completes the proof of Theorem A.
3. Corollaries of Theorem A and related results
By GCH, we mean the Generalized Continuum Hypothesis, which is the
statement 2λ = λ+ for every cardinal λ.
Definition 3.1. Following [28] we say that a cardinal κ is far from the GCH
there exists a cardinal λ such that the following holds (λ+ denotes the least
3To match the notation in Blackadar’s book, what we denote by Extw(A) is denoted
there by Extuw(A,C). By [2, Proposition 15.14.2], for any unital separable C
∗-algebra A
we have Extuw(A) ∼= Ext(A,C). Thus Ext
w
cpc(A) ∼= Ext(A,C)
−1.
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cardinal greater than λ):
(⋆) λ+ < κ < 2λ.
Corollary 3.2. Each of the following assertions is relatively consistent with
ZFC :
1. Q(H) is a 2ℵ0-universal C∗-algebra.
2. There exists a 2ℵ0-universal C∗-algebra, but Q(H) is not 2ℵ0-universal.
3. A 2ℵ0-universal C∗-algebra does not exist.
Proof. (1) Assume the Continuum Hypothesis. Theorem A implies that
Q(H) is 2ℵ0 -universal.
(2) We shall prove that the Proper Forcing Axiom, PFA, implies the
conclusion.4 If 2κ = 2ℵ0 for all κ < 2ℵ0 , then [1, Proposition 7.10] implies
that the theory of Q(H) has a saturated model B of density character 2ℵ0 .
By Lemma 2.1 (and its proof), such B is a 2ℵ0 -universal C∗-algebra. It is
well-known that PFA implies 2ℵ1 = 2ℵ0 = ℵ2 (e.g. see [30]).
By [43, Corollary 5.3.14 and Theorem 5.3.15] (also [33]) PFA implies that
there exist a closed subset X of βN\N such that C(X) does not embed into
the Calkin algebra. Such an X can be chosen as follows. Let Z0 = {S ⊆ N :
limn→∞ |S∩n|/n = 0}, the ideal of asymptotic density zero sets. (Any other
dense analytic P-ideal would do in place of Z0; see [43].) Identifying βN with
the set of all ultrafilters on N, we may let X = {U ∈ βN : U ∩ Z0 = {∅}}.
(3) By standard forcing techniques ([30]) the assertion ℵ2 < 2ℵ0 < 2ℵ1 is
relatively consistent with ZFC . (For example, start from a model of GCH,
add ℵ4 Cohen subsets of ℵ1, then add ℵ3 Cohen reals.) Therefore κ = 2ℵ0
and λ = ℵ1 satisfy the inequality (⋆) and we conclude that 2ℵ0 is far from
the GCH in this model.
We shall prove that (⋆) and κℵ0 = κ together imply that there is no κ-
universal C∗-algebra.5 By [9, §3.3] every Banach space embeds isometrically
into an operator space (and therefore into a C∗-algebra) of the same den-
sity character. Hence a κ-universal C∗-algebra would also be a κ-universal
Banach space. But, by [42, Corollary 2.4], (⋆) implies that there is no (iso-
metrically) κ-universal Banach space, and this concludes the proof. 
A sketch of an alternative, self-contained (and, we believe, more informa-
tive) proof that the condition (⋆) in Corollary 3.2 (3) together with κℵ0 = κ
implies there is no κ-universal C∗-algebra is in order. It uses the following
definition adapted to the continuous context from [28, Definition 5.1] (see
[42, Definition 1.1]).
Definition 3.3. A theory T has the Strict Order Property (SOP) if there
exists a formula ψ(x¯, y¯) of the language of T in 2n variables for some n ≥ 1
4Readers concerned with the consistency strength issues may rest assured that only a
small fragment of PFA with zero large cardinal strength is required in [43].
5See Remark 3.4 for a sketch of a self-contained proof
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with the following two properties. First, in every model of T the relation
a ≺φ b given by
a ≺φ b ⇐⇒ φ(a, b) = 0 and φ(b, a) = 1
defines a partial ordering. Second, in every model of T there are arbitrarily
long finite ≺φ-chains.
If the theory T is complete, then by a compactness argument (i.e., taking
an ultraproduct) the second requirement can be replaced by the requirement
that there exists an infinite ≺φ chain in some model of T . Since the theory
of C∗-algebras is not complete, we opt for the current formulation.
Remark 3.4. Here is the promised alternative proof of Corollary 3.2 (3).
Instead of using [42, Corollary 2.4], we follow the lines of its proof. By [28,
Theorem 3.10], (⋆) implies that there is no κ-universal linear order, and
moreover that any theory T with SOP does not have a 2ℵ0-universal model.
As in [16, Lemma 5.3], consider the following condition in the language of
C∗-algebras
ϕ(x, y) = max(|1− ‖x∗x‖|, |1 − ‖y∗y‖|, ‖x∗xy∗y − y∗y‖).
Two elements x and y of a C∗-algebra A satisfy ϕ(x, y) = 0 if and only if
‖x‖ = ‖y‖ = 1 and in the second dual A∗∗ of A the support projection of y∗y
is below the spectral projection of x∗x corresponding to 1. Therefore ϕ(x, y)
defines a partial order, ϕ, on A. Every infinite-dimensional C∗-algebra
contains an infinite ϕ chain (consider any, necessarily infinite-dimensional,
masa or see [16, Lemma 5.3]). Thus every infinite-dimensional C∗-algebra
has the Strict Order Property. Since ϕ is quantifier-free, an embedding of
A into B is an embedding of the poset (A,ϕ) into (B,ϕ). Hence if C
is a κ-universal C∗-algebra for some cardinal κ, then every linear ordering
of cardinality κ embeds into the linearization of (C,ϕ), which has size
κℵ0 = κ. The latter is a κ-universal linear ordering, a contradiction.
The following is a poor man’s version of Theorem B.
Corollary 3.5. If 2ℵ0 is far from the GCH then no C∗-algebra of density
character 2ℵ0 is universal for all abelian C∗-algebras of density character 2ℵ0 .
In particular no 2ℵ0-universal exact C∗-algebra.
Proof. By Remark 3.4 the theory of C([0, 1]) has the Strict Order Property
witnessed by a quantifier-free formula and the first claim follows by the
argument of the latter part of Remark 3.4. Since every abelian C∗-algebra
is exact (and being abelian is axiomatizable, [15, Theorem 2.5.1]), the second
claim follows. 
The following lemma is a special case of [38, Proposition 2.53].
Lemma 3.6. Suppose A is a C∗-algebra and B is a C∗-subalgebra of A
that contains an approximate unit for A. Then the inclusion from B into A
extends to an injection from M (B) into M (A), and M (B)/B is isomorphic
to a subalgebra of M (A)/A.
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From Theorem A and Lemma 3.6 we immediately have the following.
Corollary 3.7. Let A be a unital separable C∗-algebra. If Q(H) is 2ℵ0-
universal, then so is the corona of A⊗K (H). 
We record an easy consequence of a trick first used in [35, Theorem 4.3.11].
Proposition 3.8. If κ < 2ℵ0 , there is no κ-universal C∗-algebra.
Proof. This follows from [25, Theorem 2.3 and Remark 2.10]. The space OS3
of three-dimensional operator spaces can be equipped by a metric δcb such
that the space of all operator spaces that embed into a C∗-algebra A has
density at most equal to the density character of A ([25, Proposition 2.6(a)]),
and the space (OS3, δcb) has density character 2
ℵ0 .6 
4. The proof of Theorem B
A C∗-algebra is approximately matricial, or AM, if it is a unital inductive
limit of full matrix algebras Mn(C) for n ∈ N. All AM algebras are nuclear,
simple, and have a unique trace ([20]) and every separable AM algebra is
UHF. However, nonseparable AM algebras are not necessarily UHF, and can
be quite pathological ([18]). Our proof of Theorem B will use a class of AM
algebras associated with graphs introduced in [12].
Let P denote the poset for adding ℵ2 Cohen reals (denoted Fn(ℵ2, 2,ℵ0) in
[30]). If G ⊆ P is generic over a model M of a sufficiently large fragment of
ZFC then every C∗-algebra A inM is identified with its completion inM [G].
Lemma 4.1. Suppose that M is a transitive model of a sufficiently large
fragment of ZFC and that G is generic over M for P. Then there exists a
C∗-algebra D(G) in M [G] with the following properties.
1. The algebra D(G) is unital, nuclear, and simple.
2. Its density character is ℵ1.
3. It is not isomorphic to a subalgebra of any C∗-algebra in M .
In addition, we can choose D(G) to be stably finite with a unique trace and
faithfully representable on a separable Hilbert space.
The reader will notice that Theorem A implies that the C∗-algebra D(G)
provided by Lemma 4.1 embeds into the Calkin algebra, which apparently
leads to a contradiction. A reassurance that we do not have a proof that
ZFC is inconsistent may therefore be appreciated. The Calkin algebra as
computed inM [G] is much larger than the completion of the Calkin algebra
as computed in M , and while D(G) embeds into the former by Theorem A
it does not embed into the latter by the following proof.
Proof of Lemma 4.1. This proof is based on [28, Fact on p. 889] and a
construction from [12]. We define a simple bipartite graph Γ(G) (isomorphic
to the graph denoted by G and/or G∗ in [28]) as follows. The vertex set of
6This is analogous to the fact that the space D(T ) of quantifier-free types in models of
theory T has density 2ℵ0 whenever it is nonseparable; see [28].
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Γ(G) is N⊔ℵ1. Let cξ, for ξ < ℵ1, enumerate the Cohen generic reals coded
by G. They are functions from N to {0, 1}, and a pair {m, ξ} forms an edge
if and only if
cξ(m) = 1.
LetD(G) be the graph CCR C∗-algebra defined in [12, §1]. It is the universal
C∗-algebra given by the generators um, for m ∈ N, and vξ, for ξ < ℵ1 and
the following relations for all m and n in N and all ξ and η in ℵ1.
1. um = u
∗
m, u
2
m = u
∗
mum = umu
∗
m = 1,
2. vξ = v
∗
ξ , v
2
ξ = v
∗
ξvξ = vξv
∗
ξ = 1,
3. umun = unum,
4. vξvη = vηvξ,
5. umvξ = vξum, if m is not adjacent to ξ, and
6. umvξ = −vξum, if m is adjacent to ξ.
The set P(N) is considered with the Cantor set topology and the compatible
metric d(a, b) = (min(a∆b) + 1)−1,
Claim 4.2. For ξ < ℵ1 let aξ = {m ∈ N : cξ(m) = 1}. The family
A = {aξ : ξ < ℵ1} is dense in P(N). Also, if K and L are disjoint finite
subsets of ℵ1 and K is nonempty, the set⋂
ξ∈K
aξ \
⋃
η∈L
aη
is infinite. (A family with this property is called independent.)
Proof. Both properties are easy consequences of the fact that 〈cξ+m : m < ω〉
does not belong to any closed nowhere dense subset of P(N)N coded in
M [〈cη : η < ξ〉], for all ξ < ℵ1. 
By the claim, the family A is dense and independent. By [12, Lemma 1.4
and the proof of Lemma 1.6], the C∗-algebra D(G) is AM and it has a
faithful representation on a separable Hilbert space.
It remains to prove that D(G) is not isomorphic to a subalgebra of any
C∗-algebra A in M . Suppose otherwise, and let Φ: D(G) → A be a unital
(and therefore necessarily injective) *-homomorphism.
For ξ < ℵ1 let Gξ denote the intersection of G with the poset for adding
the first ξ Cohen reals. Therefore M [Gξ ] = M [〈cη : η < ξ〉]. We denote
this model by Mξ. By the ccc-ness of P, the values of Φ(um) for m ∈ N are
decided by countable maximal antichains and therefore there exists ζ < ℵ1
such that in Mζ for every m ∈ N there is wm ∈ A7 such that Φ(um) = wm.
The model M [G] is a forcing extension of Mζ by the quotient of P with
its regular subordering that added 〈cξ : ξ < ζ〉. This quotient ordering Pζ is
isomorphic to the poset for adding ℵ1 Cohen reals, and every cη, for η ≥ ζ,
is Cohen over Mζ ([30]). Fix η ≥ ζ and find a condition p in G8 and w ∈ A
7Note that A stands for the metric completion of A as computed in Mζ .
8Formally, p is in the quotient G/Gζ but since in the case of Cohen reals the iteration
and the product coincide we can think of p being in G.
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such that
p  ‖w − Φ(vη)‖ < 1/4.
Fix m ∈ N. Then in M [G] we have (writing [x, y] = xy − yx)
‖[wm, w]− [wm,Φ(vη)]‖ ≤ 2‖wm‖‖w − Φ(vη)‖ < 1/2.
Since wm = Φ(um) and Φ is an injective *-homomorphism, we have [wm,Φ(vη)] =
0 if cη(m) = 0 and [wm,Φ(vη)] = 2wmΦ(vη) if cη(m) = 1. Therefore cη is
decided by p and it belongs to Mζ ; contradiction. 
Proof of Theorem B. To prove that it is relatively consistent with ZFC that
there is no ℵ1-universal nuclear C∗-algebra, and that there is no ℵ1-universal
nuclear, simple, C∗-algebra, we start from a model of the Continuum Hy-
pothesis and add ℵ2 Cohen reals. Suppose that A is a C∗-algebra of den-
sity ℵ1 universal for nuclear, simple, C∗-algebras of density character ℵ1.
By the ccc-ness of this poset, every C∗-algebra of density character ℵ1 is
added by a poset for adding ℵ1 Cohen reals, and by Lemma 4.1 any further
batch of ℵ1 Cohen reals adds a unital, nuclear, and simple C∗-algebra of
density character ℵ1 that is not isomorphic to a subalgebra of A; contradic-
tion. 
We can do better; here is a sample (note that the C∗-algebra A is not
even assumed to be nuclear, and see also Remark 4.4 below).
Theorem 4.3. It is relatively consistent with ZFC that no C∗-algebra A of
density character ℵ2017 is universal for all unital, simple, nuclear, and stably
finite C∗-algebras that have density character ℵ1 and a faithful representation
on a separable Hilbert space.
Proof. Start from a model of the Continuum Hypothesis and add ℵ2018 Co-
hen reals. By the ccc-ness of the forcing, if A is any C∗-algebra of density
character < ℵ2018, then it belongs to an intermediate model obtained by
adding ℵ2017 Cohen reals. By Lemma 4.1 any further batch of ℵ1 Cohen
reals adds an AM C∗-algebra of density character ℵ1 that has a faithful
representation on a separable Hilbert space but is not isomorphic to a sub-
algebra of A. Since AM algebras are nuclear, unital, simple, and stably
finite, this concludes the proof. 
Remark 4.4. The proof of Lemma 4.1 shows that analogous statements can
be proved for models of a first-order theory (possibly in the logic of metric
structures) with the Independence Property. This was known to the au-
thors of [28]. The novelty is that the nuclear C∗-algebras do not form an
axiomatizable class (see [15]). An observant reader familiar with model the-
ory will have noticed that the proof of Lemma 4.1 relies on the fact that
the category of nuclear, simple, and unital C∗-algebras includes a class of
EM-models generated by the indiscernibles. This fact was first used in [21]
where it was proved that there are 2ℵ1 nonisomorphic AM algebras of den-
sity character ℵ1. Note however that the methods of [21] do not seem to
imply Theorem B.
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5. More on the absence of universal nuclear C∗-algebras
We want to use the Strict Order Property (Definition 3.3) to prove the
following:
Theorem 5.1. Suppose κ is a cardinal far from the GCH. Then the follow-
ing hold.
1. There exists no universal abelian C∗-algebra of density character κ.
2. There exists no universal nuclear C∗-algebra of density character κ.
3. There exists no universal nuclear, simple, C∗-algebra of density char-
acter κ.
In case when κ = κℵ0 we can follow the same strategy as in Remark 3.4.
In case this equality fails, the proof of the theorem uses [41, Theorem 2.12]
in a manner similar to, but easier than, that in the proof of [42, Corol-
lary 2.6]. While the theory of Banach spaces only has a technical weakening
of SOP known as SOP4, the theory of any infinite-dimensional C
∗-algebra
has the full SOP (the relation used in the proof of [16, Lemma 5.3] is clearly
transitive).
Lemma 5.2 below is a consequence of [29, Theorem 3.1] and standard
results (Remark 5.3), but we provide a self-contained proof. It uses the
analysis of Cuntz–Pimsner algebras associated to A−B C∗-correspondences
and we recall the definition (see [5, §4.6] for more details). If A and B are
C∗-algebras, an A−B C∗-correspondence is a B-Hilbert module E together
with a faithful *-representation of A in the algebra of adjointable linear
operators on E. Additional properties of C∗-correspondences used in the
proof will be introduced as needed.
Lemma 5.2. Every nuclear C∗-algebra is isomorphic to a subalgebra of a
simple, nuclear C∗-algebra of the same density character.
Proof. Let A be a C∗-algebra. Let π : A→ B(H) be a faithful representation
of A on a Hilbert space H such that π(A) ∩K (H) = {0}. Such an H can
always be chosen to have the same density character as A. With π defining
a left action, we can view H as an A−C C∗-correspondence. Consider A as
a Hilbert module over itself, viewed as a C−A C∗-correspondence (with C
acting on the left as scalars). Let E = H ⊗C A.
Let OE be the Cuntz-Pimsner algebra associated to E. Then A is embed-
ded in OE , by construction OE has the same density character, and by [5,
Theorem 4.6.25] and its corollary, if A is nuclear then so is OE . (Likewise,
if A is exact then so is OE .).
It remains to show that OE is simple, which we do by verifying the
conditions of [40, Theorem 3.9]. For that, we need to show that the C∗-
correspondence E is full, nonperiodic and minimal.
To say that E is full means that 〈E,E〉 is dense in A. Indeed, let
a ∈ A be any positive element, and choose a unit vector ξ ∈ E, then
〈ξ ⊗√a, ξ ⊗√a〉 = a. As all positive elements can be obtained, we have
〈E,E〉 = A.
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To say that E is nonperiodic means that no tensor power (over A) of
E, E⊗n, is unitarily equivalent to the trivial C∗-correspondence A. By
our construction, the left action of A on E⊗n has trivial intersection with
the compacts for any n > 0, whereas the left action on the trivial C∗-
correspondence is via compact operators, and thus they are not unitarily
equivalent.
To say that E is minimal means that there is no nontrivial ideal J in A
such that 〈E, JE〉 ⊆ J . Indeed, suppose J is a nontrivial ideal. Let a ∈ J
be a non-zero element. As π is faithful, we can choose vectors ξ, η ∈ H such
that 〈ξ, π(a)η〉 = 1. If b ∈ A r J is positive then b =
〈
ξ ⊗√b, a · η ⊗√b
〉
belongs to 〈E, JE〉. Thus E is minimal, as required. 
Remark 5.3. Lemma 5.2 is also a consequence of the results of [29, The-
orem 3.1]. In it Kumjian proved that every separable nuclear unital C∗-
algebra A is isomorphic to a unital subalgebra of a separable nuclear unital
simple C∗-algebra OE (the UCT is not needed for this; see the second sen-
tence of the proof). The separability assumption on A can be removed as
follows. If A is nonseparable, then A can be written as an inductive limit of
a σ-closed system of its separable elementary submodels Aλ, for λ ∈ Λ. The
Cuntz–Pimsner algebra OEλ associated to Aλ as in [29, §1] is nuclear, sim-
ple, purely infinite, and unital and OE is the inductive limit of the system
OEλ , for λ ∈ Λ. In addition, this system is σ-directed complete in the sense
of [20]: if Aλ =
⋃
nAλn then OEλ =
⋃
nOEλn . By a closing up argument,
this implies that OE has a separable elementary submodel isomorphic to
OEλ for some λ. Since being simple and purely infinite is axiomatizable
([15, Theorem 2.15]), the conclusion follows.
The following lemma is proved by mimicking the proof of [41, Theo-
rem 2.12]; the details are worked out in [39].
Lemma 5.4. Suppose that T is a theory in a continuous language with the
SOP and that κ is an infinite cardinal far from the GCH. Then T has no
universal model of density character κ. 
Remark 5.5. 1. We note that the results [40] depend on results from an
unpublished manuscript (number 15 in the list of references of [40]).
However, a more general result was shown in [31, Theorem 9.15], and
thus there is no gap in the literature.
2. As the left action in our construction has trivial intersection with
the compact adjointable operators, it follows that the Cuntz-Pimsner
algebra OE coincides with the Toeplitz-Pimsner algebra TE. Thus,
in the separable setting, it follows from the results in Section 4 of
[37] that OE is KK-equivalent to A. In the non-separable setting one
cannot talk about KK-equivalence, however it follows from the results
in Section 8 of [26] that K∗(OE) ∼= K∗(A) (as unordered groups).
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3. Lemma 5.2 implies that the existence of a κ-universal nuclear C∗-
algebra is equivalent to the existence of a κ-universal simple nuclear
C∗-algebra for every infinite cardinal κ.
Proof of Theorem 5.1. (1) and (2) are immediate consequences of the fact
that each infinite-dimensional C∗-algebra has SOP and Lemma 5.4.
(3) follows from Lemma 5.2. 
6. Concluding Remarks
A positive answer to the following question would imply that the conclu-
sion of Theorem B is independent from ZFC.
Question 6.1. Is it relatively consistent with ZFC that there exists a uni-
versal nuclear C∗-algebra of density character ℵ1? What about a universal
exact C∗-algebra of density character ℵ1?
While every separable exact C∗-algebra is nuclearly embeddable by [27],
it is not known whether every exact C∗-algebra is nuclearly embeddable. It
is therefore not impossible that two parts of Question 6.1 have different
answers. Theorem A does not answer Question 6.1 because the Calkin
algebra is neither nuclear nor exact.
In the standard model-theoretic terminology, the following question asks
whether the category of separable nuclear C∗-algebras has amalgamation.
This is not to be confused with any of the standard amalgamation construc-
tions used in operator algebras.
Question 6.2. Suppose Φ: A→ B, Ψ: A→ C are injective ∗-homomorphisms
between nuclear C∗-algebras. Is there a nuclear C∗-algebra D and injective
∗-homomorphisms Φ1 : B → D, Ψ1 : C → D such that the diagram com-
mutes?
We discuss briefly the connection with amalgamation in the C∗-algebraic
context. The following idea comes from Jamie Gabe. Viewing A as included
in B and in C as above, we can form the amalgamated free product B ∗AC.
The amalgamated free product can in general fail to be exact, let alone nu-
clear. If however we know that there exist conditional expectations from
B onto Φ(A) and from C onto Ψ(A), then one can form the reduced amal-
gamated free product (see [5, Section 4.7] for a definition and discussion).
Assuming that those conditional expectations have faithful GNS represen-
tations (which is automatic if, for example, all C∗-algebras in questions are
simple), it follows from [8, Corollary 5.7] that the reduced amalgamated free
product of B and C over A is exact. By Kirchberg’s embedding theorem,
the reduced amalgamated free product then embeds in O2. This gives a
partial positive answer to Question 6.2.
By using standard techniques, a positive answer to Question 6.2 would
imply that under the Continuum Hypothesis there exists an ℵ1-universal
nuclear C∗-algebra. The following lemma shows that it suffices to answer
an ‘easier’ version of Question 6.2.
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Lemma 6.3. Every nuclear C∗-algebra A is isomorphic to a subalgebra of
a C∗-algebra that is an inductive limit of a net of C∗-algebras each of which
is isomorphic to O2.
Proof. By Lemma 5.2, A is isomorphic to a subalgebra of a simple, nuclear
C∗-algebra B of the same density character. We claim that C = B ⊗O2 is
as required. Since B is simple, it is equal to the inductive limit of simple
and separable C∗-algebras. We can moreover assure that these algebras are
nuclear, either by closing up or by taking an elementary submodel and using
[15, Theorem 5.7.3]. But if B = limλBλ, then C = limλBλ ⊗ O2, and by
Kirchberg’s O2-absorption theorem Bλ ⊗O2 ∼= O2 for all λ. 
In relation to the conclusion of Lemma 6.3 it should be noted that in-
ductive limit of C∗-algebras isomorphic to O2 can be quite unruly. By the
main result of [18], Jensen’s ♦ ([30, III.7]) implies the existence of a C∗-
algebra that is an inductive limit of C∗-algebras isomorphic to O2 but it is
not isomorphic to its opposite algebra, all of its irreducible representations
are unitarily equivalent, and all of its automorphisms are inner.
Question 6.4. Suppose Φ: O2 → O2, Ψ: O2 → O2 are unital ∗-homomorphisms.
Are there unital ∗-homomorphisms Φ1 : O2 → O2, Ψ1 : O2 → O2 such that
Φ1 ◦ Φ = Ψ1 ◦Ψ?
As in the discussion following Question 6.2, if the images of Φ and Ψ
admit conditional expectations onto them then the answer is positive. We
do not know whether there are subalgebras of O2 isomorphic to O2 which
do not admit conditional expectations onto them.
By using Lemma 6.3, standard techniques show that a positive answer
to Question 6.4 would imply a positive answer to Question 6.1. A stan-
dard descriptive set-theoretic argument shows that a a positive answer to
Question 6.4 is equivalent to a Σ12 statement and therefore absolute between
transitive models of ZFC containing all countable ordinals. Because of this
the answer to this question is unlikely to be independent from ZFC. For ex-
ample, if this question can be resolved by using the Continuum Hypothesis
(or ♦, or Martin’s Axiom. . . ) then it can be resolved in ZFC alone. This
however still leaves a possibility that Question 6.4 cannot be resolved in
ZFC. See [13, §3 and §A.4] for a discussion of the absoluteness phenomenon.
We can also search for potential target algebras to replace O2. A unital
purely infinite and simple C∗-algebra A is in Cuntz standard form if [1A] =
0 in K0(A). It can be shown that A is in standard form if and only if
O2 embeds unitally in A. Every Kirchberg algebra is stably isomorphic
to one in standard form, denoted Ast. This association is unique up to
isomorphism. Given this, as O2 embeds unitally into Ost∞, Ost∞ serves as a
universal algebra which admits unital embeddings of any separable nuclear
C∗-algebra. Denote by Oℵ1 the analogue of O∞ corresponding to ℵ1-many
isometries with pairwise orthogonal ranges.
Question 6.5. Is Ost
ℵ1
a universal nuclear C∗-algebra of density character ℵ1?
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6.1. Remarks on universality in related categories.
Isomorphic embeddings of Banach spaces. Theorem A was inspired
by [4, Theorem 1.4], where the analogous statement for 2ℵ0-univeral Banach
spaces was proved. Brech and Koszmider constructed a forcing extension in
which an isometrically 2ℵ0-Banach space exists, but ℓ∞/c0 is not isometri-
cally, or even isomorphically, 2ℵ0-universal Banach space. The result of [42,
Corollary 2.4] used in the proof of Corollary 3.2 was improved in [4, The-
orem 1.3], where it was proved that consistently there is no isomorphically
2ℵ0-universal Banach space.
Linear orders. The existence of universal linear orders is a well-studied
subject ([28]). Much attention has been devoted to the question of 2ℵ0-
universality of P(N)/Fin. Since the Calkin algebra is its noncommutative
analogue (see e.g. [44]), we shall concentrate on the role of P(N)/Fin. While
it is consistent that the Continuum Hypothesis fails and P(N)/Fin is 2ℵ0-
universal ([32]), it is not clear whether the assertion ‘Q(H) is a 2ℵ0 -universal
C∗-algebra’ is relatively consistent with the failure of the Continuum Hy-
pothesis. The question on whether for a given C∗-algebra A there exists
a ccc forcing notion that forces an embedding of A into Q(H) was given a
positive answer in [19]. Notably, the structure of the small category of linear
orders that embed into P(N)/Fin is remarkably malleable in ZFC (see [10,
§1]) and very rigid if a fragment of PFA holds ([11]).
Surjective universality for compact Hausdorff spaces. A compact
Hausdorff space X is said to be κ-universal if it is surjectively universal
among compact Hausdorff spaces of weight κ. By Gelfand–Naimark duality,
this is equivalent to C(X) being an injectively universal unital abelian C∗-
algebra. The Continuum Hypothesis implies that βN \N is an ℵ1-universal
compact Hausdorff space (Parovicˇenko’s theorem) and that βR+ \R+ is an
ℵ1-universal connected compact Hausdorff space ([7]). As in Corollary 3.2,
PFA implies that βN \ N is not 2ℵ0-universal because it does not map onto
the Stone space of the Lebesgue measure algebra ([6]).
II1-factors. In [34] it was proved that there is no κ-universal II1-factor for
any κ < 2ℵ0 . As in Corollary 3.2, κ<κ = κ implies there is a κ-universal II1-
factor. The theory of II1-factors has the Order Property ([16, Lemma 3.2])
but it is not known whether it has the Strict Order Property. If it does,
the argument from Remark 3.4 would imply that the existence of a cardinal
λ such that λ+ < 2ℵ0 < 2λ implies there is no 2ℵ0 -universal II1-factor. As
a curiosity, we note that Connes’ Embedding Problem has the positive so-
lution if and only if the Continuum Hypothesis implies that an ultrapower
of the hyperfinite II1-factor is a 2
ℵ0-universal II1-factor. Similarly, Kirch-
berg’s Embedding Problem ([23]) has the positive solution if and only if the
Continuum Hypothesis implies that an ultrapower of O2 is a 2ℵ0 -universal
C∗-algebra.
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